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Abstract. We nse a gauge-invariant ‘reference -section’ and define the geometric phase for
all quantum evolutions in a closed form. This geometric phase is obtained by integrating
the inner product of the ‘reference section’ and its path derivative aleng the evolution curve
which is valid for non-cyclic, non-unitary and non-Schrédinger evolutions of quantum
systems. Two non-trivial examples are studied to realize our new expression.

Recent years have seen the successful prediction and generalization of the Berry phase
[1, 2] from adiabatic, parametric variation to cyclic quantum evolutions [3, 4] and,
next, non-unitary and non-cyclic evolutions [5], which has left its imprint on almost
all areas of physics [6]. Simon [2] interpreted the adiabatic Berry phase as the holonomy
transformation in parallel transporting the adiabatic eigenstate in parameter space. The
present author has interpreted the Aharonov and Anandan phase in terms of the integral
of the contracted length of the curve [7, 9]. Until today the geometric phase for non-
cyclic evolution has been defined by closing the end-points by the shortest geodesic. It
is an indirect definition, because if the end-points of the open path are not closed the
geometric phase is not manifestly gauge-invariant.

This paper aims at giving a néw prescription for obtaining the geometric phase for
non-cyclic, non-unitary and arbitrary quantum evolutions without explicitly closing the
initial and final points by a geodesic. Using a ‘reference section’ of the bundle covering
the curve in the projective Hilbert space we define the gauge-invariant and reparametriz-
ation-invariant geometric phase. To illustrate the resull obtained, we calculate the non-
cyclic geometric phase for a spin-§ particle undergoing arbitrary precession. Also, we
consider a non-cyclic, non-unitary and non-Schrédinger evolution, such as a sequence
of filtering measurements, to show the existence of the geometric phase.

Let 5 be the Hilbert space of dimension n+ 1, i.e. #=C""" and the set of vectors
{w}es#. Let & be the unit normed Hilbert space and the set of vectors {y /[ y|}e .
The state of a quantum system is determined by a ray of the Hilbert space 5#°. The set
of rays of & is called the projective Hilbert space £2. The projection map I1: £ -2 is
a principal fibre bundle £(2, U(1), TT), with structure group U(1). This can be seen
by considering the action of the multiplicative group C* of non-zero complex numbers
on the space C"*'—{0} given by the equivalence relation (zi,22,...,Zns1)di=
()4, Z2A, .« . . 2 2,01 A) ¥ A C*. This is a free action and the orbit space is the space CP"
of complex lines in the Hilbert space s#=C""'. Thus, we get the principal bundle
C*>C™'—{0}-»CP"=¢2 in which the projection map associates with each n-+1
tuple (z1.22,...,2z,+1) the point in CP" with the homogeneous coordinates
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(21, Z2, . . ., Zo+1). Thus, a quantum state at a given instant of time is represented by a
point in 2 and the evolution of the system is given by a curve I' in 5, which projects
to a curve ['=II(I") in 2.

During a non-cyclic evolution the final state and the initial state do not differ merely
by a phase factor because they belong to two different rays. The evolution curve is an
open curve which lies in 5#. The projection of the open curve I':t—=y(£)) is I(T) =
f‘ and it lies in 7. In the case of a cyclic evolution (| yry =exp(igh)|w;>) the closed curve
C when fifted to 2, then the phase ¢ characterizes the gauge transformation necessary
for closing C in 4. In the case of non-cyclic evolution the open path [ if lifted to 4,
then the initial and the final points correspond to two different rays and there is no
such global gauge transformation to close these points. However, there is a way to
compare the phases of the state vectors belonging to two different rays via the Panchar-
atnam [10] connection. It is simple, yet important Pancharatnam connection. The rela-
tive phase difference between the states |w;>=1w(&)> and [ye>=|w(&)> (if they are
non-orthogonal) is given by

_ vy ()
|<‘!f:|'.ffr>|

If {w;wr> is real and positive, then the quantum system does not acquire any phase
during an evolution from time ¢; to . This is the well known Pancharatnam connectjon.
Here we emphasize that the phase difference given by (1) is true in general irrespective
of closing the initial and the final points and it is the total phase acquired by a quantum
system during an arbitrary quantum evolution between [, ], L.e.

= aro { | Y0 2
~low <|| i ﬂwfn> @
We intend to give a prescription of how to separate out the geometric phase from the
total phase [¢]7 which will be independent of the detail dynamics of the system and
bring out its full geometric nature by showing its dependence uniquely only on the
image of the curve [* in the projective Hilbert space 2.

For the evolution under consideration, namely the non-cyclic evolution, let us con-
sider the lift of an open path in £ to %, then there may be many open curves in .
But there exists one special curve (which we have recognized for the first time) which
is traced out by a ‘reference section’ in the U/(1) bundle of normed Hilbert space vectors
over the projective Hilbert space . This section can be defined with respect to the
initial state vector |y (%)) and the information about the geometric phase is obtained
by integrating the inner product of the section and its path derivative from the initial
point to the final point of the evolution curve.

To define this curve we consider a reference ‘section’ | x,,(#)) of the bundle covering
p(O=T(w(}>). This is a map s:P—.% such that the image of each point p(f)e?
lies in the fibre Il{p} over p, i.e. [1=5=id,, with the following properties:

(@) ST w (63> ) =w(t)>=|x(t:)>

meanmg sending TI(| w(t,)))e@ to |w(s))> and {x.(5)> and }w(#)) begin at the same
point in the same ray.

(ii) {xe)=H(w(1}>) Vielt, ]

i.e. the curves Ii(#) and I'(#) project to the same open curve [,

exp(i[®]) =



Gauge-invariant reference section and geometric phase 2089

(iif) T L8]] x4(H)> =real and positive Y reft, t]

ie. at any later time 2, | x,(#)> keeps its phase unchanged with respect to the initial

state [, ().
Keeping in mind the above properties we can see that the new ‘section’ (with respect

to the initial point) is 2 mapping of the state curve I" through the sect;on 5 and is given
by

_ <¥f(f)ff!f(fc)> (v
= = o) vl

This ‘reference section’ of the bundie covering the curve T in & will be used to define
the geometric phase for any arbitrary quantum evolution. In this sense equation (3} is
an important step in our paper. Now it is easy to see that the following equation is
obtained on differentiating (3):

d <wlw>) (<w|wl>) < i ,E( 'f’)>
] 3 ) = (fwmf de tyot)  \Twllde \Tyl)/

On integrating both sides from time ¢ to ¢ we have
ij"(walw))g((wlwo)dt
& NCwilyol) de Nyl prdd

s ’r—w_i(l'»d-'*"r .'_‘1 v 4
1J:; <”WI} dr \Jwl i \ il dfix.> 1. @)

The dynamical phase for non-cyclic, not-unitary and non-Schrodinger evolutions of

quantum systems is given by
we_: [/ w® d( w(7) )>
) - — de. 5
[Dal J <||w(r)|1 &\t / )

Note that (5) reduces to the well known expression of the dynamical phase, namely
§=[pali=~1/% IU {w(OIH(w(#)) dt, for cyclic, unitary and Schrodinger evolutions
of quantum systems.

The total phase (this is an tmportant recognition in our derivation) is given by

Dr=[O]i=i J( <wi|wm>) ( vy ) < >
[<wl v/ de (vl widl iz
()

The desired expression for the geometric phase during an arbitrary quantum evolution
is given by

(3)

, [ = (B}~ [Pl
or

[, i.‘=1j D10 dt=1j ol oo L A D

a?d“

where A’s are the coordinate in the projective Htlbert space &,
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That [®g]; is the geometric phase can be seen by virtue of its various properties. It
is manifestly gauge-invariant. Because under [/(1) action | w(£)>—e* "y (£)>, however,
‘the reference section’ |y;(¢))> undergoes a global gauge transformation by some fixed
amount, ie. |x;{(f)>—€“®|x(£)> and hence the geometric phase remains the same. It
is manifestly gauge-invariant not only under U(1} action but also under a general
transformation [11] of the type [y (£)> = w()> = ()| w(£)}, where {(¥) is an arbitrary
smooth complex function and £(£) e C* with [£(2)| 5% 1. Under this transformation | x:(£)>
transforms by a global phase factor and hence the geometric phase remains invariant.
This is the beauty of the ‘reference section’ that it enables us to say that [¢.]f is a
property of the projection of [w{#)} in 2 rather than of |y (¢)) itself. It is also repara-
metrization-invariant, i.e. by changing the parameter from ¢ to ¢ with d¢'/dz>0, the
geometric phase remains unaltered and hence it is a property of only the unparametrized
path I" in 2. In addition to this, the real geometric phase is independent of the particular
Hamiltonian used to evolve the quantum system along a given curve I' in &, rather it
depends uniquely only on the curve [" in 2. Unlike Samuel and Bhandari’s [5] definition,
our geometric phase has its own existence and physical meaning even if we do not close
the end-points by a geodesic. It is important to note that the adiabatic Berry phase and
the nion-adiabatic aAA phase can be considered as the special cases of the phase (7).

The above-mentioned properties, in fact, constitute the set of properties which char-
acterize the geometric nature of some structures associated with an arbitrary quantum
evolution. Thus, our expression (7) being an integral of a non-local integrand, provides
for the first time a compact formula for the geometric phase during an arbitrary quan-
tum evolution. Clearly, it is non-additive, in contrast to the dynamical phase which
is a locally additive functional of I', being an integral along I' of a locally defined
integrand,

In defining the geometric phase for open curves we have used a (local) ‘reference
gection’. It may give the impression that the geometric phase is of local nature, However,
this is not so. We can see that the geometric phase (7} depends not only on the geometry
of the path of evolution but also on the ‘area’ enclosed by a closed curve which the
system has not visited (the closed curve is obtained by joining the end-points of the
open curve by a shortest geodesic). In this sense the geometric phase is of non-local
nature. Also, the presence of orthogonal normed vectors in the Hilbert space does not
pose any problem. In order to validate (7) all we require is that the initial vector and
the final vector should not be orthogonal because we have started from Pancharatnam’s
definition of phase which is valid only for non-orthogonal rays. For orthogonal rays
the Pancharatnam phase becomes indeterminate (since no interference takes place
between those rays). However, during the evolution, if the system passes through a
point which is orthogonal to the initial point, then at that point the integrand is given
by its limit along the curve and is finite [12]. Hence (7) is valid even if the system passes
through an orthogonal point during its evolution.

It is sometimes said [13] that there are many ways of choosing the lift of f*, thereby
making either total phase equal to zero {then [®p]f= —[®4]i") or dynamical phase equal
to zero (then [®]7=[®,]7). However, in this paper we have chosen a special lift of [*
in such a way that neither [®]] nor [®4]F is zero and we still have a compact formula
for the peometric phase. These above lines may give an impression that there are other
choices of auxiliary connections which lead to different holonomies for a non-cyclic
path. We can see clearly that this is not so. The local connection defined through a
‘reference section’ is the only one which is compatible with the non-cyclic, non-unitary
and non-Schrédinger evolutions of quantum systems. This connection not only allows
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us to compare the geometric phase of two vectors in the same ray but also of two
vectors {non-orthogonal} belonging to two different rays. For example, if we have a
different lift (say) horizontal lift, then we will have the section [(#)> which undergoes
parallel transportation. The section |(£) is given by

N A wg(w)>d,)lw(r)> 0
90> e""“ﬁ(uwn a\twl)/ < Miwon/- 7 ®

Choogsing this lift is equivalent to making the dynamical phase zero and the geometric
phase is given by

o g(t)y

@1 =
exp(i[Pcls) [{@ ()Pt

or

(@] =argd§ (LN (1)) - -9

But from our expression (3) (which is a different lift) we can see that the ‘reference
section’ | xi(f)> and the section | (£)) are related by

g6

Using the expression for the geometric phase (7) we get

(0] =i f ( SLQA0) ) d ( POIIED ) i
", KR de g0 w(6))]

=argdw(n)| (ke )). (11)

Here we have used the fact that {(f)| #(£)>=0. Thus, choosing different lifts, other
expressions for the geometric phase can be found but all of them are identical to the
one given by (7). Hence, the geometric phase defined in (7) for open paths is a unique
one.

As an application of the above results we consider the example of a gpin- particle
undergoing arbitrary precession in a magnetic field. This is a simple yet non-trivial
example. The state vector lives in a two-dimensional Hilbert space # =C? and the
projective Hilbert space 2= P;(C) is the real two-dimensional sphere S% We can imag-
ine a2 non-cyclic and non-unitary evolution of a spin state. The state vector at any time
t is represented by a two-component spinor in (8, ¢) representation as

_ [cos 8(1)/2 &Y 2) _ap
@ (sin (/202 )

2= 15>, o)

(12

where A is a positive number. This is the simplest representation of a non-unitary
evolution where the norm of the vector is not a constant; rather it changes with time

as d| w0 /dr==28lw(®)|. .
The ‘reference section’ | xi(7)) is given by

Ja(r.eg)
() = (cos 6(7)/2 ¢ )

_ (13
sin 8(2)/2 g A (13
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where
o o _[eos(8(e)+ 6:))/2 ]
a(t, &)=¢(1)/2—tan | oos(8) =802 /ztan(qb(r) ¢.)/2_

and

[cos(8() + 0;)/2
Lcos(8(£) — 6:)/2

For a non-cyclic and non-unitary evolution {§ goes from 8; to &; and ¢ goes from ¢
to ¢), the geometric phase calculated on using (7) is given by

B(t. t)=6()/2+tan™ tan(¢ () —:)/2 |.

(® ,fztan_.[cos(eﬁea/z
gin

1{"
cos(8r—8,),2 tan(gr— r;bi)/2:|—5j; cos 8 dé. (14)

The geometric phase will be equal to half the solid angle subtended at the centre of
2 unit sphere by a closed circuit obtained by joining the end-points of the open curve
* by the shortest geodesic. At this point we can easily be convinced that for a cyclic
quantum evolution the above geomeiric phase reduces to [¢gls=p(C)=
2§ (1 —cos 8) do, which is nothing but the Aharonov and Anandan phase for a spin-
1 particle.

To betier illustrate the result, we consider the example of a non-unitary evolution,
such as a sequence of filtering measurements. A beam of particles polarized along =z
with initial vector |z} is split into two orthogonal components {|x> and |X%)), i.e.
|x>{xjz>+|%><¢F|z>. When this passes through a filter we have filtered component
[x><{xtz)> (the component [¥}{X|z) is discarded and the intensity is reduced by .
Suppose | xy<{x|z)> passes through another apparatus oriented along y (in which the |7
component is discarded and the intensity is reduced by 3). The filtered component is
| x>{x|z>. We do not send this component through another apparatus oriented
along z, so we have a non-cyclic evolution. Thus we can represent the sequence of
filtering measurements as

125 =x){xf 2> =]y > {plxd<xl 2>

or

Ly = wa)—lws).

During this non-cyclic, non-unitary and non-Schrodinger evolution the initial and final
states differ by a phase

® =argdzly )yl xp<xlzy = —arg{y | wad{yal v > {wsly > =arg AP (15)

where A = ()| wad{ya| wsd {3 w,) is a complex 3-point Bargmann invariant [13].
We will show that this phase @ is purely of geometric nature. From our definition of
the geometric phase (7) we can show [14] that the phase acquired by the system during
an evolution from point I1(w,) to point TI(y3) plus the phase acquired from point
Ii(y.) to T{y,) is not the same as that of the phase acquired by the system during an
evolution from point [1(y} to TI{;). The excess geometric phase (this shows the non-
integrability nature of the phase) is given by

[De]i — {[ @i + [D.13} = —argwil w2 > {wal wsd{wsl v (16)
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In the above filiering experiment, since |y, is in phase with |w2) and | y2) is in phase
with ;> we have [¢,]: =0 and [¢.]3=0. This shows that the phase difference ® in the
filtering experiment is nothing but the geometric phase acquired by the system in going
from a point I(y,) to a point M(w;), i.e. ®=[d,)}.

To make the general geometric phase more useful we outline (without going into
much detail) how to measure this non-cyclic phase in an interference experiment. In
an interferometric setup, the incident wave (it could be, say, a neutron beam) |y> is
split coherently with a beam splitter into two equal subwaves. A refractive index material
in the path of subwave 1 can be kept to cause a U{1) phase change § of the state.
Subwave 2 acts as a reference beam. The two subwaves { > =exp(if)| y:> and |ya2)> =
[yi> recombine to produce an interference pattern.

I(BYccilllw ) +HwaplPec(1+cos B). (17

Now a magnetic field is introduced in path I of the interferometer to affect a non-cyclic
parallel transportation [15] of the state |w,) to R(¢) w>. Here, R(¢) is a rotation
operator which does just this job. When we recombine the parallel transported state
with subwave 2 an interference pattern is produced

(B, @) | RO D+ w2> IPoc (1 +Reyad R(D) w1 ))

or

(B, yoc(1+{{yi| ye)l cos(f +@)). (18)

Here, ¢ =@, is the non-cyclic geometric phase acquired by subwave 1 while undergeing
parallel transportation and {| R($)| > = {wi| yr> =|{wil we)| exp(i®;). Thus, com-
paring the two interference patterns we can infer the geometric phase @,. The shift —¢
of the interference pattern recorded with and without the phase object as a function of
auxiliary phase B is crucial in determining the non-cyclic geometric phase. The measure-
ment of non-cyclic phase via the interferometer method and polarimeter method is
discussed by Wagh and Rakhecha [16].

To summarize our findings, we present a compact expression for the geometric
phase in the case of mon-cyclic, non-unitary and non-Schrodinger evolutions (in fact,
for all arbitrary quantum evolutions) without explicitly closing the end-points by a
geodesic. This non-local phase is inherently present in all quantum evolutions. Also,
we have shown that the geometric phase defined in this paper is a uhique one and it
reduces to the known definition of the geometric phase in the case of cyclic, unitary
and Schrédinger evolutions of quantum systems. Two non-trivial examples are studied
to realize the geometric phase. Detail discussion and relation between the non-cyclic
geometric phase, the quantum metric tensor [17-19] and the length of the curve [20]
will be reported elsewhere [14].
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